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A POISSON BRACKET ON THE SPACE OF POISSON
STRUCTURES
THOMAS MACHON
Abstract. Let M be a smooth closed orientable manifold and P(M) the
space of Poisson structures on M . We construct a Poisson bracket on P(M)
depending on a choice of volume form. The Hamiltonian flow of the bracket
acts on P(M) by volume-preserving diffeomorphism of M . We then define an
invariant of a Poisson structure that describes fixed points of the flow equation
and compute it for regular Poisson 3-manifolds, where it detects unimodularity.
For unimodular Poisson structures we define a further, related Poisson bracket
and show that for symplectic structures the associated invariant counting fixed
points of the flow equation is given in terms of the ddΛ and d + dΛ symplectic
cohomology groups defined by Tseng and Yau [16].
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2 THOMAS MACHON
1. Introduction and summary of the construction
This paper is concerned with the collection of all distinct Poisson brackets that
can be defined on a given smooth closed orientable manifold M . We show that the
space of all Poisson brackets (or Poisson structures) on M has, itself, a family of
Poisson brackets, denoted {⋅, ⋅}µ, depending on a choice of volume form µ forM . In
other words, the space of Poisson brackets on a (smooth closed orientable) manifold
is an infinite-dimensional Poisson manifold. The bracket {⋅, ⋅}µ is non-linear and
depends cubically on the Poisson tensor.
Along with a choice of functional, {⋅, ⋅}µ induces a Hamiltonian flow on the space
of Poisson structures, which acts to deform any given Poisson bracket on M . This
Hamiltonian flow is formulated as a PDE on M , and acts by volume-preserving
diffeomorphism, reminiscent of the Hamiltonian formulation of ideal fluid flow and
other physical systems [1,14]. This connnection, along with observations regarding
the Godbillon-Vey invariant for three-dimensional ideal fluids [11], served as the
motivation for this work.
The vector fields generating the flow equation of the bracket {⋅, ⋅}µ lie tangent
to the symplectic foliation Fpi defined by the Poisson structure pi. Consequently
the deformation of pi induced by the bracket acts only on the symplectic form on
the leaves of Fpi; the foliation itself is invariant. Despite this, the global properties
of Fpi play a key role. The additional structure carried by a Poisson manifold with
a volume form µ is the modular vector field [6, 7, 18], denoted φµ. The properties
of φµ are related to qualitative aspects of Fpi. As observed by Weinstein [18], φµ
is a Hamiltonian vector field if and only if Fpi admits a transverse measure, which
is reflected in the properties of the flow equation for the bracket {⋅, ⋅}µ. A regular
Poisson structure on a 3-manifold appears as a non-trivial steady state in the flow
equation if and only if it admits a transverse measure. This relationship between
measured foliations and steady solutions is a further property with parallels in the
theory of ideal fluids [12].
More generally, a non-trivial steady solution of the flow equation is given by a
Poisson vector field, and the set of all such steady solutions forms a subalgebra
of Poisson vector fields with respect to the Lie bracket. This subalgebra forms
an invariant of the Poisson structure – the set of Poisson vector fields that arise
from Hamiltonian flow of the bracket {⋅, ⋅}µ. For unimodular Poisson structures,
those admitting a volume form invariant under all Hamiltonian flows, we are able
to define a further invariant, R¯(pi). We compute this for symplectic structures,
where it is given in terms of the d + dΛ and ddΛ symplectic cohomology groups
defined by Tseng and Yau [16]. In particular, if the symplectic structure satisfies
the strong Lefschetz property (e.g. Ka¨hler manifolds), then R¯(pi) is given in terms
of the second de Rham cohomology group. We note that for a symplectic manifold,
Poisson cohomology and homology are always isomorphic to de Rham cohomology
groups, the invariants we define are capable of detecting more information about
the symplectic structure.
From an algebraic perspective, a key part of our construction is the differential
δµ. This is defined as the adjoint of the Lichnerowicz differential [10] on multivec-
tors with respect to the pairing between p-forms and p-vectors given by integration
of the interior product against the volume form µ. The differential δµ is, of course,
related to many existing constructions in Poisson and symplectic geometry, includ-
ing the Koszul-Brylinski differential [2,7], as well as the Koszul-Brylinski differential
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associated to a volume form µ [4,19]. In the unimodular case these can be chosen to
all agree (up to sign), and in the symplectic case they are further equivalent to the
symplectic differential [9,16]. They are all different, however, for a non-unimodular
Poisson structure. The homology of δµ plays a role in the definition of Casimirs of
{⋅, ⋅}µ, for which we give two examples: the symplectic volume and the Godbillon-
Vey class for regular Poisson 3-manifolds. The second of these appears as a class
in the homology of δµ.
We have restricted our study to the case of smooth closed orientable manifolds.
Compact manifolds with boundary should be easy to accommodate, provided the
space of Poisson structures is restricted to those for which the leaves of the sym-
plectic foliation lie tangent to the boundary. The construction should also work for
open manifolds (e.g. phase space) provided the behaviour at infinity is controlled.
1.1. Summary of the construction. Throughout, M will be a smooth closed
orientable manifold of dimension n, and we will use ‘manifold’ as such. Let P(M)
denote the space of Poisson structures on M , A(M) be the space of multi-vector
fields, and Ω(M) the space of differential forms. A 2-vector pi ∈ A2(M) defines a
Poisson structure [8, 17] iff
(1) [pi,pi] = 0,
where [⋅, ⋅] is the Schouten-Nijenhuis bracket. The Poisson bracket defined by pi
is denoted {⋅, ⋅}pi, and is given by {f, g}pi = pi(df ∧ dg). Our construction begins
with the differential δµ, which is defined as the adjoint of the Lichnerowicz differen-
tial [10], X ↦ [pi,X], on multivectors with respect to the pairing between a p-form
β and p-vector X given by
(2) (β,X)µ = ∫
M
(ιXβ)µ,
so that δµ is defined by the equation
(β, [pi,Y ])µ = (δµβ,Y )µ,
where Y ∈ Ap−1(M). We will call a functional F ∶ P(M) → R admissible if it can
be written as the integral of some smooth kernel depending on pi and its derivatives
(up to arbitrary order). The functional derivative of F at pi takes values in the
smooth part of the dual to the tangent space TpiP(M). We write this dual space
as DpiP(M) and it is isomorphic to the space of 2-forms modulo δµ-exact 3-forms,
Ω2(M)/δµΩ3(M). Then for two admissible functionals F and G we define the
Poisson bracket {F,G}µ = (δµβF ∧ δµβG, pi)µ,
where βF is a 2-form representing the functional derivative of F at pi. As δ
2
µ = 0, the
bracket does not depend on the choice of representative forms βF and βG. Moreover,{F,G}µ is once again an admissible functional. For a Hamiltonian functional F ,
the flow equation on P(M) of the bracket is given by
∂tpi = [VF , pi],
where the vector field VF = pi(δµβF , ⋅) preserves the volume form µ and is tangent to
the symplectic foliation defined by pi. Of particular interest are those vector fields
VF which are Poisson, i.e. [VF , pi] = 0. These form a subalgebra, for two functionals
F and G giving Poisson vector fields, V{F,G}µ is also Poisson, and we have
(3) [VF , VG] = V{F,G}µ ,
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which can be compared with the relation [Hf ,Hg] =H{f,g}pi for Hamiltonian vector
fields of functions f and g.
Studying these fixed points leads to the definition an invariant of the pair (pi,µ),
which we denote R(pi,µ), which is defined as a short exact sequence,
0 ÐÐÐÐ→ ker T˜ ÐÐÐÐ→ kerT ÐÐÐÐ→ P (pi,µ) ÐÐÐÐ→ 0.
kerT comprises elements of the smooth part of the dual tangent space DpiP(M)
which give Poisson vector fields, and ker T˜ is the subset which gives the zero vector
field. The quotient, P (pi,µ), therefore comprises the distinct Poisson vector fields
arising this way, and which forms a subalgebra of Poisson vector fields using (3). We
compute the invariant R(pi,µ) for regular Poisson structures on 2- and 3-manifolds,
showing that it is related to the existence of a transverse measure for the symplectic
foliation of pi. For example a regular Poisson structure on a 3-manifold has P (pi,µ) ≠
0 iff the structure is unimodular.
We can further specialise to the subspace of Poisson structures which are uni-
modular with respect to a particular volume form µ, the space of which we write
as P(M)µ. This is a Poisson submanifold of the bracket {⋅, ⋅}µ, and on the space
P(M)µ we call {⋅, ⋅}µ the isochoric bracket. We then define the corresponding
isochoric invariant R¯(pi). For symplectic manifolds the groups comprising this in-
variant are finite-dimensional, in particular
kerTµ =H
2
ddΛ(M), P¯ (pi) ⊂H1d+dΛ(M),
where Hk
ddΛ
(M) and Hk
d+dΛ(M) are the symplectic cohomology groups defined by
Tseng and Yau [16]. Using the ddΛ lemma, one can show that if the symplectic
structure satisfies the strong Lefschetz property, then R¯(pi) is described completely
by H2DR(M,R), the second de Rham cohomology group (in particular P¯ (pi) = 0).
2. The differential δµ
2.1. Preliminaries. The Schouten-Nijenhuis bracket [⋅, ⋅] ∶ Ap(M) × Aq(M) →
Ap+q−1(M) is an extension of the Lie bracket to multivector fields. For a vector
field X ∈ A1(M) and p-vector Y ∈ Ap(M), [X,Y ] = LXY , the Lie derivative. In
particular, for Y ∈ A1(M) we obtain the Lie bracket. pi defines a map
pi# ∶ Ω1(M)→ A1(M), α ↦ pi(α, ⋅).
In particular we have
ιpi(α ∧ β) = ιpi#(α)β,
and if α, β are exact we obtain the Poisson bracket defined by pi
{f, g}pi = ιpi(df ∧ dg) = ιpi#(df)dg,
where f, g ∈ C∞(M) and pi#(df) = Hf is the Hamiltonian vector field of f . The
integrability condition [pi,pi] = 0 implies the image of pi# forms an integrable sub-
bundle of TM , this is the symplectic foliation defined by pi, denoted Fpi.
The interior product ιX is not a derivation on Ω(M) for X ∈ Aq(M), q ≠ 1,
however the following useful identities hold (stated without proof, see e.g. [8]).
Lemma 1. For α ∈ Ω1(M), β ∈ Ωp(M), X ∈ A2(M),
ιX(α ∧ β) = ιX#(α)β + α ∧ ιXβ.
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Lemma 2. For α ∈ Ωp(M), β ∈ Ωn−p+q(M), X ∈ Aq(M), q ≤ p,
ιXα ∧ β = (−1)(p+1)qα ∧ ιXβ.
2.1.1. The modular vector field. In the presence of a volume form, µ, one may define
the modular vector field [6, 7, 18] φµ of pi by the equation
div(Hf) = Lφµf,
where the divergence of a vector field divV is given by
LV µ = divV µ.
Alternatively φµ may be defined by
ιφµµ = d(ιpiµ).
The modular vector field φµ preserves both the volume form and the Poisson struc-
ture, i.e. Lφµpi = [φµ, pi] = 0 and divφµ = 0. If µ is replaced by a different volume
form, φµ changes by a Hamiltonian vector field. φµ is hence a well-defined object
in Poisson cohomology and its flow defines the 1-parameter modular automorphism
group of the Poisson manifold. A Poisson structure is unimodular if there is a
volume form making the modular vector field vanish. i.e. dιpiµ = 0. If a Poisson
structure is unimodular with respect to the volume form µ we say it is µ-unimodular.
2.1.2. Poisson cohomology. For P ∈ Ap(M), Q ∈ Aq(M), R ∈ Ar(M), the Schouten-
Nijenhuis bracket satisfies the graded Jacobi identity
(−1)p(r−1)[P, [Q,R]] + (−1)q(p−1)[Q, [R,P ]] + (−1)r(q−1)[R, [P,Q]] = 0.
In particular this implies that the Lichnerowicz differential [10]
δL ∶ A
p(M)→ Ap+1(M), X ↦ [pi,X],
squares to zero. The associated cohomology is the Poisson cohomology, H(M,pi).
The lower-order cohomology groups are well-known. H0(M,pi) corresponds to
Casimir functions of pi. H1(M,pi) corresponds to Poisson vector fields modulo
Hamiltonian vector fields (i.e. non-Hamiltonian automorphisms of pi). H2(M,pi)
corresponds to deformations of pi modulo trivial deformations generated by diffeo-
morphism of M .
2.2. Defining δµ. Consider the interior produce between forms and multivectors
⟨⋅, ⋅⟩ ∶ Ωp(M)×Ap(M)→ C∞(M).
Integration with respect to µ allows us to define a bilinear pairing (⋅, ⋅)µ ∶ Ap(M)×
Ωp(M)→ R given by
(4) (β,X)µ = ∫
M
⟨β,X⟩µ.
Definition 1. We define the differential δµ ∶ Ω
p(M) → Ωp−1(M) as the adjoint of
the Lichnerowicz differential with respect to the pairing (4). For X ∈ Ap−1(M),
β ∈ Ωp(M) it is given by
([pi,X], β)µ = (X,δµβ)µ .
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Since the Lichnerowicz differential squares to zero, it follows immediately that
δ2µ = 0. Before exploring more properties of δµ we state Cartan’s identity for the
Schouten-Nijenhuis bracket
ι[P,Q] = [[ιP , d], ιQ],
where [⋅, ⋅] is the graded commutator of linear endomorphisms on Ω(M), satisfying
[Θ,Φ] = Θ ○Φ − (−1)θφΦ ○Θ,
with θ, φ the gradings. Whether [⋅, ⋅] denotes the Schouten-Nijenhuis bracket or
the commutator should be inferred from context. We can then give an explicit form
of δµ.
Lemma 3.
(5) δµ = (−1)p([ιpi, d] − ιφµ).
Proof.
(β, [pi,X])µ = ∫
M
ι[pi,X]βµ = ∫
M
β ∧ ι[pi,X]µ,
where we have used Lemma 2. Using Cartan’s formula this is given by
∫
M
β ∧ ιpidιXµ − β ∧ dιpiιXµ + (−1)p−1β ∧ ιX ιφµµ.
Using Stokes’ theorem and Lemma 2 on each of the three terms yields
∫
M
(−1)p+1ιXdιpiβ ∧ µ − (−1)p+1ιXιpidβµ + (−1)p−1ιXιφµβµ.

The differential is hence related to the Koszul-Brylinski differential [2, 7] δKB =[ιpi, d]. There is another differential one may define. The volume form µ induces
an isomorphism ∗ ∶ Aq(M)→ Ωn−q(M) given by
∗ ∶ X ↦ ιXµ.
There is, therefore, a further differential operator [4,19] Ωp(M)→ Ωp−1(M) defined
as ∗δL∗
−1. A short calculation shows that this operator is given by
(6) [ιpi , d] + ιφµ .
Note that, ignoring the factor of (−1)p, the sign of ιφµ differs between (5) and
(6), and they are not the same differential. Up to sign, all these differentials agree
when the Poisson structure is unimodular and φµ = 0, and in the symplectic case
they further agree with the operator dΛ, which may also be constructed using the
symplectic star [9, 16] ∗s ∶ Ω
k(M)→ Ω2m−k(M).
The modular vector field φµ satisfies divHf = Lφµf where Hf is the Hamiltonian
vector field pi(df, ⋅). We can extend this result to the case of vector fields pi(α, ⋅) for
an arbitrary 1-form α.
Lemma 4. For α ∈ Ω1(M),
(7) div pi(α, ⋅) = δµα.
Proof. Using Lemma 1, ιpi(α,⋅)µ = −α ∧ ιpiµ. Then
divpi(α, ⋅) = −dα ∧ ιpiµ + α ∧ dιpiµ = (δµα)µ

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Hamiltonian vector fields obey the identity
(8) [Hf ,Hg] =H{f,g}.
All vector fields of the form pi(α, ⋅) are tangent to the symplectic foliation defined
by pi. Since this is integrable, Frobenius’ integrability theorem implies that their
Lie bracket must also be tangent to the symplectic foliation. The exact nature of
this is given by the following which extends the identity (8).
Lemma 5. For α, β ∈ Ω1(M), let Wα = pi(α, ⋅), similarly for β, then
[Wα,Wβ] = pi(dpi(α ∧ β), ⋅) + pi(ιWαdβ − ιWβdα, ⋅).
This can also be written as
[Wα,Wβ] = −pi(δµ(α ∧ β) + (δµα)β − (δµβ)α, ⋅).
Proof. Using Cartan’s formula and Lemma 4 we may write
ι[Wα,Wβ]µ = −(δµα)ιWβµ + (δµβ)ιWαµ + d(ιWα ιWβµ).
Now consider the last term in the above equation. First note that
ιWα ιWβµ = −pi(α,β)ιpiµ + 12α ∧ β ∧ ιpi∧piµ.
By direct computation we then find
d(ιWα ιWβµ) = −dpi(α ∧ β) ∧ ιpiµ − (ιWαdβ − ιWβdα, ⋅) ∧ ιpiµ − δµβιWαµ + δµαιWβµ.
This requires using the identity 2ιpidιpi = dιpiιpi which follows from the integrability
condition (1). Applying Lemma 1 then yields the result. To obtain the second
form, consider the expression δµ(α ∧ β), this may be evaluated explicitly as
δµ(α ∧ β) = −(δµα)β + (δµβ)α − dιpi(α ∧ β) + ιWβdα − ιWαdβ.

Note that δµ(α∧ β)+ (δµα)β − (δµβ)α does not depend on µ, and measures the
failure of δµ to be a derivation. If both α and β are exact, we recover (8). Finally
we establish the following triple identity.
Lemma 6. Let α, β, γ ∈ Ω1(M). Then
δµ(α ∧ β ∧ γ) = −δµ(α ∧ β) ∧ γ − (δµγ)α ∧ β+↻,
where ↻ denotes the sum of cyclic permutations with respect to α, β, γ.
Proof. Direct computation yields
δµ(α ∧ β ∧ γ) = (dpi(α,β) + ιpi(α,⋅)dβ − ιpi(β,⋅)dα) ∧ γ + α ∧ β(−ιpidγ + ιφµγ)+↻ .
Using δµα = −ιpidα+ιφµα and the expression for δµ(α∧β) from the proof of Lemma 5
gives the result. 
Remark 1. Another way of viewing this result is that the obstruction to δµ (and
similar differentials) being a derivation on Ω(M) lies in degree 2 (since pi ∈ A2(M)).
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2.2.1. Homology of δµ. The identity δ
2
µ = 0 follows immediately from the definition,
but can also be established from (5) using Cartan’s formula for the Schouten-
Nijenhuis bracket and the relation [φµ, pi] = 0. We write Hp (M, (pi,µ)) for the pth
homology group defined by δµ. If the Poisson structure is unimodular, we may
choose µ such that φµ = 0, then δµ = δKB, and Hp (M, (pi,µ)) ≅ Hp (M,pi), where
Hp(M,pi) is the pth Poisson homology group.
Proposition 1. There is a natural pairing Hq(M,pi)×Hn−q(M, (pi,µ)) → R given
by
(9) (β,X)µ,
for β, X representatives of classes in Hn−q(M, (pi,µ)) and X respectively.
Proof. We need only establish that (9) does not depend on the choice of represen-
tative multi-vectors and differential forms (X and β). Bilinearity of (4) and the
definition of δµ gives the result. 
2.2.2. The differential ideal. For a Poisson structure, let Fpi be the symplectic fo-
liation of M defined by pi and I(Fpi) ⊂ Ω(M) the ideal of forms, defined by the
condition that α ∈ Ωk(M) is an element of Ik(Fpi) if α(V1,⋯, Vk) = 0, for all vector
fields Vi tangent to F . Then we have the following result.
Proposition 2. I(Fpi) is a differential ideal of Ω(M) with respect to δµ.
Proof. This follows as the modular vector field is tangent to the symplectic folia-
tion [18] and because I(Fpi) is a differential ideal with respect to exterior differen-
tiation. 
Remark 2. This holds for the Koszul-Brylinski differential [ιpi , d] and the differential
∗δL∗
−1 also.
3. The space of Poisson structures
On a smooth closed orientable manifold M , we denote the space of Poisson
structures on M by P(M), which is given as
P(M) = {X ∈ A2(M) ∣ [X,X] = 0}.
P(M) is connected. At pi ∈ P(M) the tangent space TpiP(M) is given by
TpiP(M) = {X ∈ A2(M) ∣ [pi,X] = 0},
which is found by differentiating the condition [pi,pi] = 0 along a 1-parameter family
of Poisson structures. Of particular interest to us will be the smooth part of the
cotangent space T ∗piP(M), which we write as DpiP(M).
Lemma 7.
DpiP(M) ≅ Ω2(M)/δµΩ3(M).
Proof. TpiP(M) is given by 2-vectors X satisfying [pi,X] = 0. At some point x ∈
M , the dual to Λ2TxM is Λ
2T ∗xM , so that a general smooth linear functional
βF ∈ TpiP(M) is a 2-form, with the inner product given by
∫
M
ιpiβFµ = ∫
M
βF ∧ ιpiµ = (βF , pi)µ
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clearly the particular form βF depends on the choice of volume form µ. The inte-
grability condition [X,pi] = 0 yields a degeneracy, and in general DpiP(M) will be
given by Ω2(M)/Ξpi, where Ξpi is the space of 2-forms β˜ satisfying
(β˜, p˙i)µ = 0,
for all choices of p˙i = dpi/dt∣t=0. By the fundamental lemma of the calculus of
variations the condition [p˙i, pi] = 0 is equivalent to
(γ, [pi, p˙i])µ = 0,
for all γ ∈ Ω3(M). By the definition of δµ this is equivalent to the statement that
(p˙i, δµγ)µ = 0.

3.1. The space of µ-unimodular Poisson structures. A natural subspace of
P(M) is P(M)µ, the space of Poisson structures on M which are unimodular with
respect to the volume form µ. This is defined as follows
P(M)µ = {X ∈ A2(M) ∣ [X,X] = 0, dιXµ = 0}.
We then have the following characterisation of the tangent space
TpiP(M)µ = {X ∈ A2(M) ∣ [pi,X] = 0, dιXµ = 0},
and the smooth, regular part of the cotangent space is given by the following result.
Lemma 8. DpiP(M)µ ≅ Ω2(M)/(δµΩ3(M) ∪ dΩ1(M)).
Proof. As before DpiP(M)µ ≅ Ω2(M)/Ξ(M). By identical arguments to Lemma
7, the condition [X,pi] = 0 on TpiP(M)µ implies a 2-form β ∈ Ω2(M) representing
an element in DpiP(M)µ is defined up to addition of any δµ-exact 3-form. Now
consider the condition dιXµ = 0. By Stokes’ theorem, this further implies β is
defined up to addition of any d-exact 1-form (note this mirrors the construction of
phase space in the Hamiltonian formulation of ideal fluid motion [1, 14]). 
4. The Poisson bracket {⋅, ⋅}µ
We define a functional F ∶ P(M) → R as admissible if it can be written as an
integral
F = ∫
M
fµ,
where f is a smooth function of pi and its derivatives (up to arbitrary order). Now
let pit, t ∈ R, be a smooth 1-parameter family of Poisson structures onM . Then the
functional derivative βF ∈DpiP(M) ≅ Ω2(M)/δµΩ3(M) is defined by the condition
(10)
dF
dt
∣
t=0
= (βF , p˙i)µ.
where p˙i = dpi/dt∣t=0 ∈ TpiP(M). We then define the Poisson bracket on admissible
functions.
Definition 2.
(11) {F,G}µ = (δµβF ∧ δµβG, pi)µ .
Which is once again admissible. {F,G}µ does not depend on the choice of
representative 2-forms βF or βG, since any two choices differ by δµ-exact 2-forms,
and δ2µ = 0.
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Theorem 1. The operation {F,G}µ defines a Poisson bracket on P(M).
To prove we show (11) obeys the axioms of a Poisson bracket. R-bilinearity
follows from bilinearity of the functional derivative. Anti-commutativity follows
from the properties of the wedge product. The Leibniz rule follows from the chain
rule for the functional derivative. All that remains is to establish the Jacobi identity.
A key role throughout is played by a family of vector fields associated to smooth
functionals.
Definition 3. For an admissable functional F on P(M) with volume form µ, the
vector field VF is given by
VF = pi(δµβF , ⋅).
Proposition 3. These vector fields have the following properties:
VF is tangent to the symplectic foliation defined by pi,
VF is volume preserving with respect to µ ( dιVF µ = 0),[VF , pi] = pi(dδµβF )pi(⋅) − 12pi ∧ pi(dδµβF , ⋅),[VF , φµ] = −pi(LφµδµβF , ⋅),
For two functionals F , G, the corresponding vector fields satisfy
[VF , VG] = −pi(δµ(δµβF ∧ δµβG), ⋅).
Proof. The first property follows as VF is of the form pi(α, ⋅) for some 1-form α.
The second property is a consequence of Lemma 4. To see the third observe that
[VF , pi] = [pi(δµβF , ⋅), pi],
Now for P,Q ∈ A2(M), α ∈ Ω1(M), the following identity holds
[P,Q](α) = −[P (α),Q] − [Q(α), P ] − (P ∧Q)(dα) + P (dα)Q +PQ(dα).
Along with the fact that [pi,pi] = 0, this gives the third property. The fourth follows
from observing that
ι[VF ,φµ]µ = −LφµιVF µ = Lφµ(δµβF ∧ ιpiµ) = ι−pi(LφµδµβF ,⋅)µ,
along with the property Lφµpi = 0. The fifth is a consequence of Lemma 5 and the
fact that δ2µ = 0. 
With these vector fields we may rewrite the Poisson bracket in a number of
different ways
(12) {F,G}µ = (δµβF ∧ δµβG, pi)µ = (δµβG, VF )µ = (βG, [pi,VF ])µ = (LVF βG, pi)µ .
Now we compute the functional derivative of {F,G}µ.
Lemma 9. On a closed manifold, the functional derivative of {F,G}µ with respect
to pi is represented by the 2-form β{F,G}µ , given by
β{F,G}µ =(δµβF ∧ δµβG)+
(LVF βG −LVGβF )+
(γG([pi,VF ], ⋅) − γF ([pi,VG], ⋅)) ,
(13)
where the tensor γF ∈ Ω
2(M) ⊙ Ω2(M) is rank-4 covariant, with symmetries (in
coordinates) γijkl = γklij = −γjikl.
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Proof. Using dot to denote time derivative, we have
d{F,G}µ
dt
∣
t=0
= ∫
M
ιp˙iµ ∧ δµβF ∧ δµβG + ιpiµ ∧ δµβF ∧ (δ˙µβG + δµ ˙βG) + . . . ,
where the additional terms are the derivatives of δµβF . The first term in the above
equation gives the first term in (13). Now we compute the δ˙µ term. This is given
by
(δµF ∧ δ˙µG,pi)µ = (δ˙µβG, VF )µ = (βG, [p˙i, VF ])µ = (LVF βG, p˙i)µ.
Finally we must compute β˙G, the second variation of G with respect to pi. This will
be a tensor γG ∈ Ω
2(M)⊙Ω2(M), and the derivative will be equal to (γG(p˙i, ⋅), [pi,VF ])µ
using the symmetries of γ gives
(γG([pi,VF ], ⋅), p˙i)µ,
and yields the final term. Antisymmetry in F,G gives all terms in (13). 
We can now establish the Jacobi identity for the Poisson bracket.
Lemma 10. The bracket (11) satisfies the Jacobi identity.
Proof. We first deal with γ terms. Considering {{F,G},H}+{{G,H}, F}+{{H,F},G} ={{F,G},H}+↻ we find
(γG([pi,VF ], [pi,VH ]) − γF ([pi,VG], [pi,VH ]))+↻= 0,
where we use the symmetries of γ. Now consider the first line of (13). Using (12)
this is given by
(δµβH , pi(δµ(δµβF ∧ δµβG), ⋅))µ+↻= (δµβH , [VF , VG])µ+↻,
where we have used Proposition 3. Cyclic permutations of the second line of (13)
give
(LVHLVGβF −LVHLVF βG, pi)µ+↻= (L[VG,VF ]βH , pi)+↻,
and we have used LXLY − LY LX = L[X,Y ]. Manipulating the above expression
gives
(δµβH ,−[VF , VG])µ+↻,
which equals the contribution from the first line of (13). Using Lemma 5 we can
write the remaining expression as
2(δµβH ,−[VF , VG])µ+↻= 2∫
M
pi(δµβF ∧ δµβG, δµβH)µ+↻ .
We then use Lemma 6, finding
2∫
M
pi(δµβF ∧ δµβG, δµVH)µ+↻ = −2(δµ(βF ∧ βG ∧ βH), pi)µ.
Using the definition of δµ this is given by
−2(βF ∧ βG ∧ βH , [pi,pi])µ,
which vanishes by the integrability of pi. 
This completes the proof of Theorem 1.
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4.1. Varying the volume form. The Poisson bracket {F,G}µ depends on the
volume form, which we have thus far held fixed. We now consider varying the
volume form. Let ν = fµ, for non-zero f ∈ C∞(M), be an alternative volume form.
The modular vector field φν satisfies dιpiν = ιφνν, and is related to φµ by
φν = φµ −Hlog f ,
where Hf is the Hamiltonian vector field of f . The functional derivate βF is not
invariant under this change. The value of the functional F does not change under
this transformation, and an examination of (10) shows that the functional derivative
is replaced with β′F = βF /f . One may also transform F so that the smooth integral
kernel is left unchanged, however we do not consider such transformations. We
then find the following.
Lemma 11.
δνβ
′
F = f
−1δµβF .
Proof.
δνβ
′
F = δµβ
′
F − ιHlog fβ
′
F = δµβ
′
F + ιH1/fβF .
We also have
δµβ
′
F = f
−1δµβF − ιH1/fβF .

We then have the following characterisation of the brackets for different choices
of volume form.
Theorem 2. The family of brackets on P(M) given by
∫
M
g ((δµβF ∧ δµβG) ∧ ιpiµ) ,
with g ∈ C∞(M) a non-zero function are all Poisson.
Proof. Using Lemma 11, under a change of volume form µ → ν = fµ the Poisson
bracket {F,G}ν is given by
{F,G}ν = ∫
M
(δνβ′F ∧ δνβ′G) ∧ ιpiν = ∫
M
1
f
((δµβF ∧ δµβG) ∧ ιpiµ) .
Setting g = 1/f gives the result. 
4.2. Poisson submanifolds of {⋅, ⋅}µ. The bracket {⋅, ⋅}µ restricts to several nat-
ural subsets of P(M).
Theorem 3. The following submanifolds and their intersections are Poisson sub-
manifolds of the bracket {⋅, ⋅}µ:
Regular Poisson structures of rank 2r,
Poisson structures with a fixed symplectic foliation,
Unimodular Poisson structures,
µ-unimodular Poisson structures.
To prove we first give the following proposition
Proposition 4. The Hamiltonian flow on P(M) of the bracket {⋅, ⋅}µ with Hamil-
tonian functional F is given by
∂tpi = [VF , pi] = LVF pi,
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and alternatively written
∂tpi = pi(dδµβF )pi(⋅) − 1
2
pi ∧ pi(dδµβF , ⋅).
Proof. This follows from (12) and Proposition 3. 
Proof of Theorem 3. It then suffices to show that all properties are preserved by
the flow for any admissible functional F . Since the flow acts by diffeomorphisms
of pi the first and third properties hold. The vector field VF is tangent to the
symplectic foliation by definition, so the second property holds. Finally, note that
for µ-unimodular Poisson structures, choosing µ as the volume form implies the
flow is µ-preserving. Furthermore we have
d∂tιpiµ = dLVF ιpiµ = LVF dιpiµ = 0,
which gives the result. 
Note that the set of µ-unimodular Poisson structures is not, in general, a Poisson
submanifold of the bracket {⋅, ⋅}ν for ν ≠ µ.
5. Casimirs
A Casimir of the bracket is a functional C satisfying {C,F}µ = 0 for all admiss-
able functionals F . From (12) we see that the condition for C to be a Casimir
is
[VC , pi] = 0,
for all pi. We first give the following geometric characterisation of certain Casimir
invariants.
Proposition 5. Let C be a smooth admissible functional on P(M) depending only
on the symplectic foliation of M defined by pi. Then C is a Casimir of the bracket{⋅, ⋅}µ.
Proof. This follows from Theorem 3. 
We can consider the change in a Casimir (of the form δµβC = 0) under a defor-
mation of pi not arising from the bracket {⋅, ⋅}µ. This is given by (βC , p˙i)µ. Now p˙i
defines a class in the second Poisson cohomology group [p˙i] ∈ H2(M,pi), and [βC]
is a class in the homology group H2(M, (pi,µ)), and we have the following result.
Proposition 6. The rate of change of C under the deformation p˙i is given by the
pairing between [p˙i] and [βC] defined in (9).
We now give two examples of Casimir invariants. Notably, the second defines a
class in H2(M, (pi,µ)) for all pi, the first does not.
Example 1. (Symplectic volume). LetM be a 2m-dimensional manifold, and take
the bracket on the Poisson submanifold S(M), the space of symplectic structures
on M , i.e. non-degenerate closed 2-forms ω. This defines the Poisson structure
via the relation ω#(pi#(⋅)) = −Id, where ω# ∶ TM → T ∗M is the map induced by
the symplectic form. The symplectic volume form ν = ωm/(m!) = fµ. Then the
symplectic volume is given as
S = ∫
M
ωm
(m!) .
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Now the equation ιpi(ω) = Tr(ω#(pi#(⋅))) = −2m implies ιp˙iω + ιp˙iω = 0. Finally
note that ιpiω
m
= −2m2ωm−1. This implies that the functional derivative is given
by βS = fω/2m. Then a short computation gives δνβS = −df/m, so that VS is a
Hamiltonian vector field, hence [VS , pi] = 0 and S is a Casimir.
Example 2. (Godbillon-Vey invariant). Let M be a 3-manifold, and P2(M) the
space of regular (rank 2) Poisson structures on M . Then the non-zero 1-form α =
ιpiµ defines the symplectic foliation, satisfying the integrability condition α∧dα = 0.
This implies that there is a 1-form η such that dα = α ∧ η and then
GV = ∫
M
η ∧ dη,
is the Godbillon-Vey invariant [3], depending only on the foliation defined by α.
One may show [11] that the functional derivative gives a 2-form σ = 2(dγ − η ∧ γ),
where γ is defined by dη = α ∧ γ. σ satisfies dσ = η ∧ σ and α ∧ σ = 0. These two
facts imply
δµσ = 0,
and hence that GV is a Casimir. Note that while the Godbillon-Vey invariant can
be defined for any corank 1 Poisson structure, it gives an element in the third de
Rham cohomology group in all cases. Integrated against an arbitrary class in H3,
one finds a functional that does not have a smooth functional derivative except
in three dimensions. There are further Godbillon-Vey invariants of codimension
q foliations, living in the de Rham cohomology group H1+2q. For these to give
Casimirs of Poisson structures we require n = 1 + 2q, and n − q = 2s. Hence we find
Casimirs of regular rank 2s Poisson structures on manifolds of dimension 4s − 1.
6. The isochoric bracket on µ-unimodular structures
From Proposition 4 it is natural to consider the subset of µ-unimodular Poisson
structures P(M)µ, and define the bracket {⋅, ⋅}µ on it. We call this the isochoric
(same volume) bracket. This proceeds along the same lines as before but with sev-
eral changes. First, note that the cotangent space in this case is given by Lemma 8
as Ω2(M)/δµΩ3(M) ∪ dΩ1(M). We then define the bracket as before
{F,G}µ = ∫
M
δµβF ∧ δµβG ∧ ιpiµ,
however δµβF is now no longer independent of the representative 2-form. We may
add any exact 2-form to βF , meaning that δµβF → δµβF +δµdα, for some 1-form α.
Lemma 12. The isochoric bracket {F,G}µ on the space of µ-unimodular Poisson
structures P(M)µ does not depend on the representative 2-forms βF and βG.
Proof. Since the structures are µ-unimodular, the modular vector field vanishes.
Hence δµ on 2-forms is given by ιpid − dιpi. Now suppose we add dα to βF , then
δµdα = dδµα = −d(ιpidα), and we can compute
(dδµα ∧ δµβG, pi)µ = (δµβG,Hιpidα)µ,
where Hιpidα is the Hamiltonian vector field of the function ιpidα. Then we find
(δµβG,Hιpidα)µ = (βG, [pi,Hιpidα])µ = 0.

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The proof of the Jacobi identity runs as before. The flow equation remains
∂tpi = [VF , pi],
but now VF is not uniquely specified by the functional F , VF is defined only up
to Hamiltonian vector fields associated to functions of the form ιpidα, for arbitrary
1-forms α, which does not affect the flow. This becomes clearer from the alternate
form of the flow equation
∂tpi = pi(dδµβF )pi − 1
2
pi ∧ pi(dδµβF ),
as δµβF is defined only up to the exact 1-form dδµα = δµdα, the 1-form dδµβF does
not depend on α.
7. The invariants
A basic invariant of a Poisson structure at a point x on a manifold M is its
corank at x. This is the dimension of the kernel of the map pi# ∶ T ∗xM → TxM
(a symplectic structure has corank 0 everywhere). An alternative description can
be phrased in terms of steady flows. On a Poisson manifold, the Hamiltonian flow
induced by a function f is given by Lie derivative along the Hamiltonian vector field
Hf , at a point x this is determined by the local value of df ∈ T
∗
xM . A point x is a
fixed point of this flow iff df is in the kernel of pi# at x. The dimension of kerpi# can
be therefore be said to count the number of non-trivial solutions (non-zero 1-forms)
to the fixed-point equations at x.
We can generalise this idea to define invariants of a Poisson structure using the
flow equation of the bracket {⋅, ⋅}µ. For a given Poisson structure pi, the smooth
part of the cotangent space is given by DpiP(M) ≅ Ω2(M)/δµΩ3(M). Given an
element βF ∈DpiP(M) there is a map T ∶ DpiP(M)→ TpiP(M) given by
T ∶ βF ↦ [pi(δµβF , ⋅), pi] = pi(dδµβF )pi(⋅) − 1
2
pi ∧ pi(dδµβF , ⋅)
The kernel of this map, kerT is then the subspace of DpiP(M) giving steady
solutions to the flow equation. T however is naturally composed of two maps,
T = [⋅, pi] ○ T˜ . The second
[⋅, pi] ∶ A1(M)→ A2(M),
is equal to −δL, the Lichnerowicz differential. The first
T˜ ∶ DpiP(M)→ A1(M),
is of the form T¯ ∶ βF ↦ VF and gives the vector field VF of the functional F . The
quotient, P (pi,µ) = kerT˜ /kerT gives the set of distinct Poisson vector fields (vector
fields X satisfying [X,pi] = 0) that may be arise from the flow equations of the
bracket {⋅, ⋅}µ. The set P (pi,µ) satisfies the following relation (c.f. Hamiltonian
vector fields).
Lemma 13. If [VF , pi] = [VG, pi] = 0, then
[VF , VG] = V{F,G}µ
Proof. Using Proposition 3 we have
[VF , VG] = −pi(δµ(δµβF ∧ δµβG), ⋅).
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Now we have [VF , pi] = 0 and [VF , φµ] = 0 which implies [δµ,LVF ] = 0, and that[VF , pi(α, ⋅)] = pi(LVF α, ⋅). This allows us to write
[VF , VG] = pi(LVF δµβG, ⋅) = pi(δµLVF βG, ⋅) = −pi(δµLVGβF , ⋅),
where the last equality follows from antisymmetry of the Lie bracket. Finally, using
Lemma 9 we have
V{F,G}µ = pi(δµ(δµβF ∧ δµβG +LVF βG −LVGβF ), ⋅).
Which is rewritten as
V{F,G}µ = −[VF , VG] + [VF , VG] + [VF , VG] = [VF , VG].

We may then define the invariant R(pi,µ) of the pair (pi,µ). We note here that
this invariant is essentially a decomposition of kerT , and there may well be other
such decompositions that are as, or more, useful.
Definition 4. The invariant R(pi,µ) of a Poisson structure pi and volume form µ
is the short exact sequence
0 ÐÐÐÐ→ ker T˜ ÐÐÐÐ→ kerT ÐÐÐÐ→ P (pi,µ) ÐÐÐÐ→ 0
We now extend this definition to the isochoric bracket on µ-unimodular Poisson
structures. The difficulty here is that for the isochoric bracket, VF is no longer
uniquely defined for a functional F , so we need to be a little more careful. Let V˜F
denote the equivalence class of vector fields associated to F (i.e. vector fields of the
form pi(δµβF +dδµα, ⋅) for arbitrary α ∈ Ω1(M). Then we have the following result,
which is the counterpart to Lemma 13
Lemma 14. Suppose the functionals F and G give fixed points of the flow of the
µ-unimodular bracket for pi. Then any representatives of V˜F and V˜G are Poisson
vector fields, and [VF , VG] ∈ V˜{F,G}µ
for any such representatives VF and VG.
Proof. Consider [VF ,Hδµdα], for an arbitrary 1-form α. Now, since [VF , pi] = 0, we
have [VF ,Hδµdα] = pi(LVF δµdα, ⋅), and using the fact that [LVF , d] = 0 we find
[VF ,Hδµdα] = pi(dδµLVFα, ⋅).
Hence changing δµ by some dδµ-exact 1-form, changes the Lie bracket by the vector
fields by pi# of some dδµ-exact 1-form. Since V˜{F,G}µ is defined only up to dδµ exact
1-forms, using Lemma 13 we have the result. 
Now we may extend our definition to the isochoric bracket. The smooth part
of the cotangent space is of the form DpiP(M)µ ≅ Ω2(M)/(δµΩ3(M) ∪ dΩ1(M)),
and the map Tµ ∶DpiP(M)µ → TpiP(M)µ is as before (and single valued). Now let
P¯(pi) denote the equivalence classes of Poisson vector fields that arise as the kernel
of Tµ, i.e. all such Poisson vector fields modulo Hamiltonian vector fields of the
form pi(dδµα, ⋅). Then ker T˜µ is now the set of elements of kerTµ which give the
zero vector field, modulo the Hamiltonian vector fields.
Definition 5. The isochoric invariant R¯(pi) of a µ-unimodular Poisson structure
is the short exact sequence
0 ÐÐÐÐ→ ker T˜µ ÐÐÐÐ→ kerTµ ÐÐÐÐ→ P¯ (pi) ÐÐÐÐ→ 0
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Both these invariants describe, or count, the steady solutions to the flow equa-
tions for the brackets on P(M) and P(M)µ. In the following sections we compute
them for regular Poisson structures on 2- and 3-manifolds, as well as for symplectic
structures.
8. Rank-2 Poisson structures
Poisson structures with rank (at most) 2 satisfy pi ∧ pi = 0. In this case, the flow
equation is simply
∂tpi = pi(dδµβF )pi,
giving a time-dependent rescaling of pi. Using δ2µβF = 0 we see that this can be
rewritten as
∂tpi = −(ιφδµβF )pi,
and we obtain the following result.
Proposition 7. The Poisson bracket {⋅, ⋅}µ is trivial on the space of µ-unimodular
rank-2 Poisson structures.
8.1. Poisson 2-manifolds. Now we can further consider the special case of regular
Poisson structures on 2-manifolds, we note that the analysis below carries through
more or less identically for log-symplectic 2-manifolds. All regular two-dimensional
Poisson structures are unimodular, so that the modular vector is Hamiltonian. In
particular, if pi is ν-unimodular, then the modular vector field φµ is the Hamiltonian
vector field Hlog g where the function g = (ν/µ). In this case δµβF = −dιpiβF −
ιHlog gβF , so that
(14) ∂tpi = (LHlog gpi(βF ))pi = {pi(βF ), log g}pipi,
where {⋅, ⋅}pi is the Poisson bracket on M defined by pi.
Proposition 8. Let pi be a ν-unimodular regular Poisson structure on a 2-manifold
M . Let g = (ν/µ) and Cg the Poisson subalgebra of the bracket {⋅, ⋅}pi consisting of
functions commuting with g, i.e.
Cg ≅ {f ∈ C∞(M) ∣ {f, g}pi = 0} ,
then the invariant R(pi,µ) is given by
0 ÐÐÐÐ→ H0(M,R) ≅ R ÐÐÐÐ→ Cg ÐÐÐÐ→ gHCg ÐÐÐÐ→ 0,
where HCg is the set of all Hamiltonian vector fields arising from functions in Cg.
Proof. First observe that the cotangent space DpiP(M) for a 2-manifold M is just
Ω2(M), since Ω3(M) ≅ ∅. Furthemore, since pi ≠ 0, we may use the isomorphism
ιpi ∶ Ω
2(M)→ C∞(M) given by γ ↦ ιpiγ along with the fact that g ≠ 0 and identify
pi(βF ) = −gf , where f ∈ C
∞(M) is arbitrary. Then we compute
(15) δµβF = d(fg) − ιφµβF = d(fg) − fgd log g = gdf.
Then ker T˜ consists of those functions f such that df = 0, hence ker T˜ ≅H0(M,R) ≅
R. Now we have [VF , pi] = [gHf , pi], which can be computed as
[gHf , pi] = {f, g}pipi,
hence kerT is all functions f such that {f, g}pi vanishes, this is the set Cg. Now
any function f ∈ Cg yields the vector field gHf , and the set of all such is gHCg
which is P (pi,µ). 
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Remark 3. Note that if ν/µ is constant (for example if ν = µ), then Cg ≅ C∞(M),
and P (pi,µ) comprises all Hamiltonian vector fields.
In the case ν = µ it is instead profitable to study the isochoric invariants R¯(pi)
and P¯ (pi).
Proposition 9. Let pi be a ν-unimodular regular Poisson structure on a 2-manifold
M . Then the isochoric invariant R¯(pi) is given by
0 ÐÐÐÐ→ R ÐÐÐÐ→ R ≅H2(M,R) ÐÐÐÐ→ 0 ÐÐÐÐ→ 0,
in particular
P¯ (pi) = 0.
Proof. First recall that DpiP(M)µ ≅ Ω2(M)/dΩ1(M). Now set f = ιpiβF , then
observe that δµβF = −df and hence that VF is Hamiltonian, so that all elements of
DpiP(M)µ are in the kernel of Tµ. Now, finally observe (M)µ ≅ Ω2(M)/dΩ1(M) ≅
R, whose elements correspond to constant multiples of the volume form ν. The
difference between any two elements yields a constant function via the map ιpi, and
hence gives the same (zero) vector field. 
We generalise this result to symplectic structures in Section 9.
8.2. Poisson 3-manifolds. We can also consider the space of Poisson structures
on 3-manifolds. In this case the 1-form α = ιpiµ satisfies α ∧ dα = 0 and defines the
symplectic foliation, furthermore ιφµιpiµ = 0. Then we find the flow equation given
by
(16) ∂tpi = (ιφµdpi(βF ))pi = −(Lφpi(βF ))pi.
Now consider the subset of regular Poisson structures on a 3-manifold M , so that
the symplectic foliation is non-singular. We now seek steady solutions of the flow
equation. This implies there is a function f = pi(βF ) satisfying Lφµf = 0. Now
consider the modular form [18] η, defined by ιφµµ = ιpiµ ∧ η. The modular form is
defined only up to addition of a term of the form gα for a function g, and dη = α∧γ
for some 1-form γ, so that the restriction of η to the leaves of the symplectic
foliation Fpi is closed. Hence η defines a class [η] in the foliated cohomology group
H1(Fpi) [3]. Now the existence of a non-trivial steady solution to the flow equation
implies f satisfies pi(df, η) = 0, and furthermore that the Hamiltonian vector field
Hf commutes with the modular vector field, i.e. [φµ,Hf ] = 0. In particular, this
implies η = df+gα. We then find that dα = α∧df so that d(efα) = df∧efα+efα∧df =
0, hence the form ιpie
fµ is closed. This is equivalent to the following two statements:
the Poisson structure is unimodular with respect to the volume form efµ, and the
symplectic foliation of pi admits a transverse measure. Then we have the following
result.
Proposition 10. Let pi be a regular non-unimodular Poisson structure on a 3-
manifold. Then R(pi,µ) is given by
0 ÐÐÐÐ→ I2(Fpi)/δµI3(Fpi) ÐÐÐÐ→ I2(Fpi)/δµI3(Fpi) ÐÐÐÐ→ 0 ÐÐÐÐ→ 0,
where I(Fpi) is the ideal of Ω(M) defined by the symplectic foliation Fpi. In par-
ticular,
P (pi,µ) = 0,
moreover P (pi,µ) = 0 iff pi is non-unimodular.
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Proof. The above arguments establish that a non-trivial solution to the flow equa-
tion only exists if pi is unimodular. Hence P (pi,µ) = 0 and kerT will be given by
elements βF ∈ Ω
2(M)/δµΩ3(M) satisfying pi(δµβF , ⋅) = 0. This is equivalent to the
requirement that δµβF = gιpiµ for some function g. Since I(Fpi) is a differential
ideal of Ω(M) with respect to δµ, this is satisfied by all 2-forms in I2(Fpi)/δµI3(Fpi)
(note that I3(Fpi) = Ω3(M)). Now suppose β is not of this form. Then we may
write βF = fσ where σ is an area form for Fpi, so that ιpiσ = 1. Then observe that
ιφµµ = ιφµα∧σ = −α∧ ιφµσ, so that ιφµσ = −η, the modular form, hence we require
that df − fη = gιpiµ. This can only occur if Lφµf = 0, but this would comprise a
non-trivial steady solution to the flow equation, which does not exist. Hence there
is no such function f .
Now we discuss the second part. Non-unimodularity implying P (pi,µ) = 0 follows
from the statements above. The only remaining part is to show that P (pi,µ) =
0 implies unimodularity, this is implied by Proposition 11, where we construct
solutions for any regular unimodular Poisson structure on a 3-manifold. 
Now recall Novikov’s theorem [15] stating that every codimension-1 foliation of
S3 has a Reeb component, and hence does not admit a transverse measure. This
implies the following.
Corollary 1. Let pi be a regular Poisson structure on S3, then P (pi,µ) = 0, i.e.
there are no non-trivial steady solutions to the flow equation of the bracket {⋅, ⋅}µ.
Now recall the definition of the Godbillon-Vey invariant GV in Example 2,
GV = ∫
M
η ∧ dη,
it is easy to see that GV = 0 if η = df + gα and we have the following.
Proposition 11. Let pi be a regular Poisson structure on a closed 3-manifold M .
If there is an admissible functional making pi a non-trivial steady solution of the
flow equation for the bracket {⋅, ⋅}µ (i.e. P (pi,µ) ≠ 0), then both the class of η in
H1(Fpi) and the Godbillon-Vey invariant of Fpi vanish.
It is known that the Godbillon-Vey invariant obstructs unimodularity on Poisson
3-manifolds [5,18], here we find that it obstructs the existence of steady solutions of
the flow equation. This mirrors its application in ideal fluids, where under certain
conditions it provides an obstruction to steady flow [12].
We now study unimodular regular Poisson structures on 3-manifolds. The results
mirror those for two-dimensional manifolds, but with some additional information
coming from the symplectic foliation.
Proposition 12. For a ν-unimodular regular Poisson structure on a 3-manifold
M with volume form µ, let g = (ν/µ) ∈ C∞(M). Then R(pi,µ) is given by
0 ÐÐÐÐ→ R⊕ I ÐÐÐÐ→ Cg ⊕ I ÐÐÐÐ→ gHCg ÐÐÐÐ→ 0,
where
I = I2(Fpi)/δµI3(Fpi),
and Cg and HCg are defined as in Proposition 8. Moreover, the invariant R¯(pi) is
given by
0 ÐÐÐÐ→ Ω2(M)/dΩ1(M) ÐÐÐÐ→ Ω2(M)/dΩ1(M) ÐÐÐÐ→ 0 ÐÐÐÐ→ 0.
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Proof. As in Proposition 8, we may take the modular vector field to be φ =Hlog g.
Then note that the modular form can be chosen as η = d log g. As in Proposition 12
we may write βF = fgσ + ρ, where ρ ∈ I
2(Fpi) and ιpiσ = 1. Then the flow equation
(16) becomes
∂tpi = {f, g}pipi
which gives kerT . For ker T˜ note that δµhσ = ιHhσ + dh − dh − hιφµσ = −dh + hdg.
Choosing h = −fg, allows arguments from Proposition 8 to be applied directly.
For the invariant R¯(pi). note that the flow equation (16) is trivial, hence R¯(pi)
is the entire cotangent space DpiP(M)µ. Now observe that δνΩ3(M) ⊂ dΩ1(M),
hence we have DpiP(M)µ ≅ Ω2(M)/dΩ1(M). Finally, since the bracket is trivial,
P¯(pi) = 0.

9. The isochoric bracket on symplectic manifolds
In the preceding section we computed the R and R¯ invariants for Poisson struc-
tures on 2 and 3-manifolds. In the case of a regular Poisson structure on a 2-
manifold we found a connection to the de Rham cohomology group H2dδµ(M) ≅ R.
Regular Poisson structures on 2-manifolds are symplectic, which suggests that in
this case the invariant R¯ is particularly well-behaved. This is indeed the case.
On a n = 2m-dimensional manifold, a Poisson structure pi is symplectic if it is
non-degenerate. In particular we define the symplectic form ω by
ω#(pi#(⋅)) = −Id,
where ω# ∶ TM → T ∗M is the map induced by the symplectic form. All symplectic
manifolds are unimodular with respect to the symplectic volume form ωm/(m!),
and it is natural, therefore, to study the bracket {⋅, ⋅}µ on the space of symplectic
structures on M whose symplectic volume form is µ, which we denote S(M)µ.
On a symplectic manifold, the operation ιpi ∶ Ω
p(M) → Ωp−2(M) is twice the dual
Lefschetz operator Λ as defined by Tseng and Yau [16] (there are a variety of sign
and magnitude conventions). In particular δµ = 2(−1)p[Λ, d] = 2(−1)p+1dΛ, which
can be defined using the symplectic star operator [9]. Now we have the following
result.
Proposition 13. On S(M)µ, the flow equation of the bracket {⋅, ⋅}µ is
(17) ∂tω = 2dd
ΛβF .
Proof. Since the flow equation acts by diffeomorphisms preserving the symplectic
volume, we have
∂tω = LVF ω = dιVF ω.
Now
ιVF ω = ω(pi(−2dΛβF , ⋅), ⋅) = 2dΛβF ,
which gives the result. 
The structure on the smooth part of the cotangent spaceDpiS(M)µ = Ω3(M)/(dΩ1(M)+
dλΩ3(M)) (given by Lemma 8) then implies the following result.
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Theorem 4. For a symplectic Poisson structure pi, the invariant R¯(pi) is given by
0 ker T˜µ H
2
ddΛ
(M) P¯(pi) 0,
H2
ddΛ
(M) H1
d+dΛ
(M)
⊃ ⊃
where the subset P¯ (pi) consists of dΛ exact elements of H1
d+dΛ
(M) and the subset
ker T˜µ consists of elements of H
2
ddΛ
(M) which have a dΛ closed representative. The
groups H1
d+dΛ
(M) and H2
ddΛ
(M) are the symplectic cohomology groups defined by
Tseng and Yau [16].
Proof. Let ddΛk , dk and d
Λ
k be the differentials acting on k-forms. Then the group
Hk
ddΛ
(M) is defined as
HkddΛ(M) = kerdd
Λ
k
Imdk−1 ∪ ImdΛk+1
.
The cotangent space at pi is given by DpiS(M)µ = Ω3(M)/(dΩ1(M) + dλΩ3(M)).
Along with the flow equation (17) this gives kerTµ ≅ H
2
ddΛ
(M). To obtain P¯ (pi) we
note that the set of vector fields for a functional F are all of the form
VF = pi(2dΛβF + ddΛα, ⋅)
where α is an arbitrary 1-form. Poisson vector fields are those for which dΛβF
is d-closed. But by construction it is also dΛ closed. Now recall the definition of
Hk
d+dΛ
Hkd+dΛ(M) = kerdk ∩ kerd
Λ
k
ImddΛ
k
.
P¯(pi) is then given by those elements of H1
d+dΛ
(M) which are dΛ exact. Finally, we
note that ker T˜µ is given by those elements β of kerT for which d
Λβ can be chosen
to be zero. 
Using Theorem 3.16 of [16] we then have the following.
Corollary 2. For a given symplectic Poisson structure, pi, all the groups in R¯(pi)
are finite dimensional.
Using the Proposition 3.13 of [16] we may also characterise the invariants for
symplectic structures satisfying the strong Lefschetz property.
Corollary 3. If the symplectic structure defined by pi satisfies the strong Lefschetz
property (equivalently the ddΛ Lemma [13,16]), then
kerTµ = ker T˜µ =H
2
DR(M,R), P¯(pi) = 0,
where H2DR is the second de Rham cohomology group.
Proof. If pi satisfies the strong Lefschetz property, dΛ exactness and ddΛ exactness
are equivalent. 
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